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Abstract 

A q-analogue of Sudarshan's diagonal representation of the Quantum Me- 
chanical density matrix is obtained using q-boson coherent states. Earlier 
result of Mehta and Sudarshan on the self reproducing property of p(z', z) 
is also generalized and a self-consistent self- reproducing kernel K(z', z) is 
constructed. 
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A diagonal representation of the quantum mechanical density matrix us- 
ing standard bosonic oscillator coherent states has been given by Sudarshan 
[1]. One of the remarkable features of this representation is that for any nor- 
mal ordered operator, its "average expectation value", becomes the same as 
that of the classical function for a probability distribution over the complex 
plane. So, the classical complex representation and the quantum mechanical 
density matrices are in one-to-one correspondence. 

The emergence of quantum groups in the study of inverse scattering [2] 
resulted in q-Boson [3] and q-Fermion [4] oscillators and many usual quantum 
mechanical descriptions find their appropriate q-analogues [5]. It is possible 
that q-oscillators represent an effective way of dealing with non-ideal sys- 
tems in which interactions are incorporated [6]. It is not obvious at present, 
whether nature makes use of q-Bosons (or q-Fermions) as some kind of non- 
linear excitations of the electromagnetic (or electron) fields. Nevertheless, 
it is worthwhile to examine the q-anologue of important quantum mechani- 
cal descriptions. It is the purpose here to find a q-anologue of the diagonal 
representation of the Quantum Mechanical density matrix. Although Nelson 
and Fields [7] have outlined a q-anologue of the diagonal representation of 
the density matrix, our results, while in agreement with them, offer further 
insight into the problem, such as the relationship between q-coherent state 
matrix elements and Fock space matrix elements, self-reproducing property 
and self reproducing kernel. 

The q-Boson creation and annihilation a operators satisfy 



where a^a) is the number operator. The q-Boson vacuum state | > is 
an element of Fock Space T and a | >= 0; < | >= 1. The n q-Boson 
normalized state | n > is given by 



aa 



— qa'a = 1, ; [N, a] 



a, [iV,o f ] = a f , 



(1) 



1 



(a f ) n I >, 



(2) 



n >= 




where {|n > |n G NUO} and the q- number [n] is 
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such that [n] — > n as q — > 1. The actions of a, a* and AT on | n > are 
a | n > = J[n] \ n — 1 >, 



a f | n > = y[n + 1] | n + 1 >, iV | n >= n \ n > . (4) 
and [n]\ = [n][n— l\[n — 2]....[1]. The q-Boson coherent state [3,8] is given by 
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In the above z G C and is the q-exponential function. Using (4) it 
readily follows that | z > is an eigen state of a with z as eigenvalue, i.e., 
a | z >= z | z >. If | z' > is another such state, then 

<z\z'> = (ef e\f)~ l e q {zz') (7) 

showing such states are not orthogonal. Nevertheless, < z \ z >= 1. Since 
z G C is continuous and < z | z' > is never vanishing, the states (5) satisfy 
the criteria of coherent states [9]. Furthermore, the states (5) provide a 
resolution of unity, namely, [8] 

- / d 2 z\zxz\ = 1. (8) 
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Writing z = re te , < 9 < 2tt , 9 integration is ordinary Riemannian type 
while the r-integration will be " q-integration" [10], it follows from (5) that 
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Multiplying this by e lW and integrating over 9, we find 









| re ie < re ie \ 





n ,m=o \J [n] ! [to] ! 
I n >< m | 5(£ + n - to). (10) 

Operating on (10) by the q-differential operator (-£) q p-times, we find 
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Now, if we evaluate this equation at r = 0, it is easily seen that in the 
right hand side, the term with m + n — p = alone survives. Thus 
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leading to the result 
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This result will be used later. A density matrix, in terms of the states in J 7 , 
has the fpllowing expansion: 
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Using (12) in (13),we have, 
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which is the desired q-analogue of Sudarshan's diagonal representation of the 
density matrix. 

Expansion of p in terms of the q-coherent states is 

P = J d 2 z(p(z) \z>< z\ (15) 

where d 2 z = dr 2 d9, with dr 2 integration as q- integration. The complex 
function 4>(z) is such that / d 2 Z(p(z) = 1 due to Tr(p) = 1. The expansion 
coefficients (13) and (15) are related by 

/z n z m / \ — 1 

d 2z <t>{z) , = { e M) ( 16 ) 
• ' [n\ ! [m\ ! 



which is the q-analogue of Eqn.(7) of Sudarshan [1]. Performing the 8 inte- 
gration, 

f Rq2 2 f r2n 2 ^ 1 ~l 
p(n,m) = J q 4>{r ){— e\ |5 n , m , (17) 

consistent with Trp = Lit is to be noted that the q-exponential function 
necessitates the upper limit as R q 2 = ,the first zero of the q-exponential 
function [7]. The expression in the curly bracket in (17) can be interpretted 
as the q-boson Poisson distribution [17]. 

As a first application of the q-coherent states, we consider the expansion 
of a bounded operator F as a normal ordered power series in a and a\ namely, 



f = J2 c p,^ Pa9 i ( 18 ) 

with C Pjq as expansion coefficients. Using a \ z >= z \ z >, we have 

= £C ( p,g)^. (19) 
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From (19) and (20), we have 

Min(p,q) ,,s k MtzDl 

C Pq = Y, ftt: 1 r M.r ttt <P-k\F\q-k> . (21) 

C Pi g in Eq(19) can be interpreted as the expansion coefficient of the operator 
F in the q-coherent state space,while < n \ F \ m >, the corresponding 
coefficient in the Fock space and (21) relates them. 

As a second application of the representation of p interms of q-coherent 
states, we first consider the matrix element of p between such states. Using 
(5), (8) and (13), we find 

i [tn yi 

<z'\p\z> = Y,P^n){e\fe\f}^^=J= (22) 
n,m J [m\ ! [n\ ! 

Introduce a function p(z', z) as 

z' m z n 

p{z\z) = ^>(m,n)^ (23) 
m,n J [m\ ! [n\ ! 

so that using (22) 



p(z', z) = \je^ 2 e^' ? <z'\p\z> . (24) 
The over completeness of the q-coherent states allows us to rewrite (24) as 

p(z',z) = \J d^<z'\p\i><i\z>{e\fe\f}\ (25) 

Substituting for < £ | z > from (7), (25) can be expressed as 

p(z',z) = Jd 2 £K(z^)p(z',0, (26) 

where 

K(z,0 = kef}- 1 (27) 

71 

Eq(26) attributes the remarkable "self- reproducing property" for p(z',z), 
with the kernal K(z,£) in (27). Eqns (26) and (27) provide the q- analogue 
of eqns (3.25) and (3.26) of Mehta and Sudarshan[ll]. 
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From (27), it follows 



jd^K(z^)K^z') = K(z,z'), (28) 

exhibiting the matrix structure of the kernals. The theory of reproducing 
kernals has been investigated by Aronszajan[12], according to which the her- 
mitian nature of p demands the kernal K(z,£) to satisfy 

K{z,t)* = K{t,z). (29) 

The above kernal (27), as well as the kernal (3.26) of Mehta and Sudarshan 
do not satisfy (29). This can be redressed by finding a suitable reproducing 
kernal. Instead of eq(23) for p(z', z),we set 

p(z',z) 

which differs from (23) only by the q-exponentials. As these involve j^pano^'l 
,the analyticity of p(z', z) and p(z', z) are the same. With this definition, it 
follows that 

p(z',z) = Jd 2 tK(Z,z)p(z',t), (31) 

with 

K&z) = l{efef}*4'. (32) 

This reproducing kernal has the desired reproducing property and satisfies 
eq(29), namely the hermiticity requirement. Furthermore, it is seen that 

K(z,z)>0, (33) 

and K(z, z) is an entire function. 

To summarize, we have constructed an explicit diagonal representation 
of the quantum mechanical density matrix using q-deformed boson coherent 
states. By expanding the density matrix in terms of q-boson coherent states 
(e C°°) and then in terms of q-boson Fock space states (e J 7 ), the two expan- 
sion coefficients are shown to be related. The matrix element of p between 



= Y.pM^=4==Mf^ 2 r\ (so) 

m,n J [m\ ! [n\ ! 
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q-boson coherent states facilitated the introduction of p(z', z) (23) which 
has the remarkable self-reproducing property (26) with respect to a kernel 
K(z',z) in (27). This acquires significance due to the non-orthogonality of 
the q-boson coherent states (7). This provides a q-generalization of the ear- 
lier result of Mehta and Sudarshan [11]. A slightly modified reproducing 
kernel is introduced which satisfies all the required mathematical properties 
of a self-reproducing kernel for density matrix which is hermitian. 
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